The analysis of the accuracy of the aposteriori error estimation procedure for 
INTRODUCTION
Numerical methods which are used in scienti c computations and mathematical modelling must be robust and e cient. Both of these properties depend essentially on the quality of aposteriori error estimators. Firstly, similar to physical experiments, it is not su cient to nd a discrete solution, we also need to know the boundaries of the error of the obtained discrete solution. The key ingredient o f s u c h methodology is a reliable method for assesing the quality of computed approximation. An aposteriori error estimator must be computed using the data for the given problem and the discrete approximation itself. Such method is e cient if the costs of obtaining the estimator are small compared with the computation of the discrete solution 2]. Secondly, e cient n umerical algorithms use adaptive a p p r o ximations, which again depend on the quality of aposteriori error estimation procedures.
Aposteriori error estimates were investigated in many papers, see 2 5 6 ] . Mostly, the estimators are of residual type and are similar to estimators of Babu ska, Rheinboldt 2] . The solution of only local problems on each element is used to get the error estimation.
We consider the global error estimators, which are based on the high order nite-element solution of the given di erential problem. Optimal accuracy estimates are proved for such aposteriori error estimators in the L 2 , L 1 and H 1 norms.
The rest of the paper is outlined as follows. In section 2 we describe an elliptic problem and its discretization. In section 3 we construct the aposteriori error estimator and present the standard interpolation error estimates. The accuracy of the aposteriori error estimators is investigated in the L 2 norm in section 4. A similar analysis in the H 1 and L inf ty norms is presented in section 5 and section 6. Finally, in section 7, numerical results are presented.
MODEL PROBLEM AND FINITE ELEMENT APPROXIMA-TION
We restrict the analysis to a simple model problem. Let consider the equation
together with the boundary conditions
The weak solution of the problem is given by
The Sobolev space H 1 0 consists of functions having square integrable rst derivatives and vanishing at the boundary.
We i n troduce a partition Our aim is to study the e ciency of error estimators for the particular case of p = 1 when most superconvergence estimates are degenerated. In order to simplify the details of the analysis we assume that the mesh is uniform with the meshsize h. The order of accuracy of the apposteriori error estimate Z is , i f w e h a ve t h e following equality
APOSTERIORI ERROR ESTIMATORS
Theoretical analysis of aposteriori error estimators relies on standard interpolation estimates (see 6 8] 
Estimates (6) By using (7) we get the estimates kZk l kzk l (1 + kY ; uk l kzk l )
Hence we h a ve proved that kZk l is an asymptotically exact error estmator.
The main problem is to investigate the order of accuracy of this estimator. It follows from (8) that 1. In the remaining part of the paper we w i l l p r o ve that = 2 for the error estimator kZk l .
THE ACCURACY ANALYSIS IN THE L 2 NORM
Firstly we de ne the interpolation polynomial P 2 u 2 S 2 0 , it satis es the equalities (P 2 u)(x j ) = u(x j ) x j 2 (P 2 u)(x j;0:5 ) = u(x j;0:5 ):
The explicit formula for P We also will use the fact that spatial errors of Y superconverge at nodes Then the statement of the lemma follows from the error estimates (10). 2
The function Z can be rewritten as Z = z + P 2 u ; u + Y ; P 2 u: Let assume that ku (4) k L1 C 4 . Then using the Taylor expansion of the solution u we obtain that the interpolation error of the polynomial P 2 u is given by 
Then the error function z can be rewritten as 
We u s e t h e w ell-known notation of nite-di erences Since we h a ve from (7) Hence we have proved that the aposteriori error estimator kZk L2 has the second order of the accuracy.
THE ACCURACY ANALYSIS IN THE H 1 NORM
The function Z 0 can be rewritten as The interpolation error of the polynomial (P 2 u) 0 is given by ( see (12) We i n tegrate (Z 0 ) 2 over the element x i , x i+1 ], use the estimates (7), (19), (20) and obtain the equality The global error z 0 satis es the inequality (7), so we h a ve the estimate kZk 
We h a ve p r o ved in Lemma 1 that
The interpolation error of the polynomial P 2 u is given by (12) The global error function z can be rewritten as z = y ; P 1 u + P 1 u ; P 2 u + P 2 u ; u hence we h a ve the equation Hence we have proved that the aposteriori error estimator kZk L1 has the second order of the accuracy. We solved the problem on uniform spatial meshes having N = 80, 160, 320, and 640 elements and on various types of nonuniform meshes, including asymptotically optimal meshes (see 2]). Similar results were obtained in all cases. Table 1 shows the values of e ectivity indices l corresponding to the error estimators in the L 2 L 1 H 1 norms. L 1 h denotes the discrete pointwise maximum norm at mesh nodes. More results of numerical experiments are given in 3]. It is proved that aposteriori error estimates for elliptic problems converge to the true error with the second order of the accuracy. Computational results indicate that the asymptotic order of the accuracy is achieved for relatively small numbers of elements N .
